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In this paper we provide two approximate inertial manifolds for the 2D 
Navier-Stokes equations in the periodic case. The first one is an inertial manifold 
for a dissipative equation obtained by modifying the Navier-Stokes equations, 
namely, by enlarging the gaps of the eigenvalues of the Stokes operator. The second 
one, which is explicit and simple, is found by approximating the previous 
approximate manifold with the Euler-Galerkin scheme. 0 1992 Academic Press, Inc. 
1. INTRODUCTION 
In the study of the long-time behavior of the solutions of dissipative 
dynamical systems, absorbing sets, attractors, and inertial manifols play an 
essential role. When the underlying dynamical system, usually a PDE, has 
an inertial manifold, its study reduces to the ODE on the inertial manifold, 
that is, to that of an inertial form of the PDE. 
Unfortunately the existence of an inertial manifold for the Navier-Stokes 
equations has not been proven. Therefore one is obliged to use manifolds that 
are not necessarily inertial but close to the global attractor, to approximate 
the permanent regime of the dynamical system. These manifolds are often 
called approximate inertial manifolds (see [2,4, 5, 8, 10, 13-151). 
In this paper we provide two new approximate inertial manifolds for the 
2D Navier-Stokes equations in the periodic case. One is an inertial 
manifold for a dissipative equation obtained by modifying the Navier- 
Stokes equations, namely, by modifying the spectrum of the Stokes 
operator in a narrow band so that the new dissipative operator satisfies the 
standard spectrum gap condition under which the existence of an inertial 
manifold for the corresponding dissipative equation can be obtained. By 
estimating the distance between two corresponding solutions of the 
Navier-Stokes equations and their modified equation, we obtain that all 
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the solutions of the Navier-Stokes equations enter a narrow neighborhood 
of the inertial manifold for the modified equation and we give an estimate 
of the size of the neighborhood which obviously sustains the attractor of 
the Navier-Stokes equations. 
Since the approximate inertial manifold discribed above is not con- 
venient for numerical computations, we approximate it by the Euler- 
Galerkin scheme and obtain another approximate inertial manifold for the 
Navier-Stokes equations. This manifold has some advantages over the 
previous one in practice. It is a graph of a quadratic form which has an 
explicit expression and is easy for computations, while it has still the same 
dimension as the previous manifold and lies as close as the previous 
manifold to the global attractor. 
This paper is organized as follows. In Section 2, we present some back- 
ground material about the 2D Navier-Stokes equations in the periodic 
case. In Section 3, we modify the 2D Navier-Stokes equations by enlarging 
the gaps between its eigenvalues and prove the existence of an inertial 
manifold for the modified equation. In Section 4, we estimate the distance 
between the attractor of the Navier-Stokes equations and the approximate 
manifold obtained in Section 3. By approximating the approximate inertial 
manifold constructed in Section 3 with the Euler-Galerkin scheme, we 
obtain an explicit and simple approximate inertial manifold in Section 5. 
2. PRELIMINARIES 
The Navier-Stokes equations of two dimensional viscous incompressible 
flows are written as 
g-vdU+(U.v)U+Vp=f for (x, t)inQxR+, (2.1) 
v.u=o for (x, t) in B x R + , (2.2) 
where Q = (0, L,) x (0, L,), u = u(x, t) = {U i, u2} is the velocity of the par- 
ticle of the fluid which is at point x at time t, p = p(x, t) is the pressure of 
the fluid at point x at time t, f =f(x) represents the density of force per 
unit volume at point x, v > 0 is the kinematic viscosity. Equation (2.1) is 
the momentum conservation equation and Eq. (2.2) is the mass conserva- 
tion equation (incompressibility condition). We supplement (2.1) (2.2) with 
periodic boundary conditions: 
u and p are periodic of period Li in the direction x,, i = 1, 2, (2.3) 
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and for simplicity we assume 
5 udx=O. n 
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(2.4) 
We denote by 
u~Hi,,(Q)~:divu=O, s u(x) dx = 0 R 
and set 
H=closure of V/n L2(Q)2= uEL2(Q)2:divu=0,j udx=O . 
R 
If V is equipped with the norm l/u/l V = /Igrad r~ll~+~,z and H is equipped 
with the norm induced from L’(Q)*, V and H become Hilbert spaces. 
Let P be the projector of L’(Q)* onto H, we define the Stokes operator 
A:D(A)=J’~H*(J-~)~+H~~ 
Au= -Ph(=-Au), VUED(A). (2.5) 
A is a linear, self-adjoint, unbounded positive operator in H with domain 
D(A). Its inverse A -’ is compact and self-adjoint, as a result, H has an 
orthonormal basis {w,>,“=, consisting of eigenfunctions of the operator A, 
with corresponding eigenvalues 5, i.e., 
AWj= AjWj, j= 1, 2, . . . . 
O-CA, <A*< .... 
(2.6) 
It is well known (see [ 1, 111) that the eigenfunctions wj are related to the 
following sine and cosine functions: 
(2.7) 
where 
k=(k,,k,)EZ*\((O,O)}, k” = (k2, -k,), 
We can detine the power,A’ for a E R with domain 
&sf")= u= f ujwj: f ,?,f?+X 
j=l /=I 
D(A”) is a Hilbert space if it is endowed with norm 11 .IIDCAI) := [IA”. IIH. 
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Thus A becomes an isomorphism from @A”) -+ D(A” ‘). We readily see 
that D(A)=D(A’), V=D(A”‘), H=D(A”), and V’=D(A I”). For 
clarity the norm and scalar product of W, L’(Q), or L’(Q)’ will be denoted 
by 1. I and ( , ), respectively, and the norm IA ’ ’ t/II on V, which is 
equivalent to I/grad. IILztn,l, will be denoted by 1). /I. 
We define a bilinear B: V x V -+ V’ by 
B(u, tl) = P[(u .V)v], vu, u E v. (2.8) 
Under the above notations, Eqs. (2.1)-(2.3) reduce to an abstract 
evolution equation in H, 
du 
z+vAu+ B(u)=f, (2.9) 
where B(u) = B(u, u). 
We recall (see [9, 111) that for f, u0 given in H the initial value problem 
(2.91, G’.lO), 
# = ug (2.10) 
possesses a unique solution u defined for all t 2 0 and such that 
u E C(R + ; H) n L2(0, T; V), VT>O. 
If USE V, then 
ueC(R+; V)nL’(O, T;D(A)), VT>O. 
We denote by S(t), t 3 0 the operators in H: u,, H u(t), where u( .) is the 
unique solution of (2.9), (2.10). The operators S(t), t > 0, form a semigroup 
in H. There exist pO, p,, pz such that the balls B,(O, po), B,(O, p,), 
B,,,,(O, p2) are absorbing in H, V, and D(A), respectively, provided 
that u,,f~ V. Namely, for every R > 0, there exists t,(R)>0 such 
that for t > t,(R), s(t) B,(O, R) = B,(O, pd, S(t) B.64 R) = BdO, P,), and 
s(t) B,,,,(O, RI = B,dO, ~2). 
The following continuity properties of B will be frequently used (see 
Cl, 121): 
IB(u, II)/ d C, [MI “’ Ilull 1’2 Ilull “* IAvl “2, VUE v, UED(A), (2.11) 
IB(u, u)l d C, 1~1”~ IAul 1’2 Ilull, VUED(A), DE v, (2.12) 
J(B(u, u), w)l d c3 
Iul Ilull I4 “2 IAW “2, VUE H, UE V,wgD(A), 
lu~~/2 Ilull l/2 ljull 14 l/2 llwllW, vu, u, w E v. (2.13) 
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We conclude this section by recalling the estimate on the growth rate of 
the eigenvalues Jj of the Stokes operator A which will be needed later (see 
Cl]). 
LEMMA 1. The asymptotic behavior of the eigenvalues 1, of the operator 
A is given by 
lim jp llj = AT- 
1-a L, L2. 
More precisely, 
(2.14) 
(2.15) 
3. MODIFIED EQUATION 
3.1. The Equations 
As indicated in the introduction a sufficient condition for the existence of 
an inertial manifold for a dissipative equation depends on the size of the 
gap between two sufficiently large successive igenvalues of its dissipative 
operator, on which the Navier-Stokes equations in dimension two fail. We 
modify the abstract Navier-Stokes equation (2.9) by enlarging the gap 
between the eigenvalues of the Stokes operator so that the modified 
equation has an inertial manifold which approximates the attractor of the 
Navier-Stokes equations. 
For any n, m E N, we define A”,,: D(A”)( =D(A)) -+ H by 
an,mw,= Anwj, 
i 
/2, wj3 Vl<j<norj>n+2m, 
Vn<j<n+m, (3.1) 
/I n + 2m wjY Vn+m+l<j<n+2m. 
In what follows we fix n and m and assume m d n. When the index (n, m) 
is understood we write J? = A,,,. ,? is a linear, self-adjoint unbounded 
positive operator in H with domain D(A”) = D(A) and whose inverse A” - l 
is compact, self-adjoint, and positive in H. Clearly D(A”“) = @A”) and 
II ’ II Dc~Xj is equivalent to II . )I DrAO) for ~12 0 since 
IA%1 d lz@ul d ’ IA”UI, Vu E D(A”), ~12 0. (3.2) 
404 WENHAN CHEN 
Furthermore, for all c(, /I > 0, 
IA (~+8)/342 < (A”Q, Aflu) < 7‘4 (z+ 8354 2, 
(3.3) 
VUED(A?), y=max{a, b}. 
From (2.15) and the assumption m < n there exist constants tI1, 0, > 0 
depending only on 52 such that &J&, +,,, > 8, and in+ 2m/&, +m d 0,. Thus 
(3.2), (3.3) imply respectively that 
and 
We replace A by A” in (2.9) and obtain the modified Navier-Stokes 
equation, 
(3.6) 
supplemented with initial condition 
u(0) = 240. (3.7) 
Following the proofs in [ 1 l] (also see [ 11) for the existence and 
regularities of the solutions for the Navier-Stokes equations, we can prove 
that for any f, u0 given in H, the initial value problem (3.6), (3.7) possesses 
a unique solution u defined for all I 2 0, which we denote by 3(t)uo, and 
such that 
u E C(R + ; H) n L’(O, T; V), VT>O. 
If USE V, then 
u E C(R + ; I’) n L’(O, T; D(A)), VT>O. 
3.2. Absorbing Sets and Attractors 
In this section we study the existence of the global attractor associated 
to the modified equation (3.6). The results obtained are similar to those for 
the Navier-Stokes equations. 
First following the argument as in [ 123 for the existence of an absorbing 
set in H for the Navier-Stokes equation (2.9), we see that the ball 
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B,(O, PO) is absorbing in H for the modified equation (3.6) with 
PO = fi Ifl/(vA, ). Specifically, for any R > 0, 
S(t) B,(O, R) = B,(O, PO), 
We prove the existence of an absorbing set in V for the modified 
equation. 
By taking the scalar product of (3.6) with Au in H and using the identity 
(see Clll) 
(B(u), Au) = 0, vu E D(A), (3.9) 
we obtain 
; $ llull* + v(Au, Au) = (f, Au). 
Using (3.5) with CI = /? = 1 we obtain 
(3.10) 
We apply Young’s inequality and have 
Since IAul Bfi /IuI/, (3.11) yields 
$ Il~l12+v~I~, llui’&g. 
1 
(3.11) 
(3.12) 
By making use of Gronwall’s inequality, we obtain 
114~)112< IIu(O)ll*exp(-v~,~,t)+- IfI2 (1 -exp(-v1,8,t)). v2e22 1 1 
Thus for any R > 0 and u(O) E B,(O, R), 
IMt)ll GPl? 
1 
for t>t,=- 
V4~1 
ln2R2--P: 
-2 ’ 
PI 
(3.13) 
where PI = > Ifl/(v0, A). Th ere ore f B,(O, p I ) is an absorbing set in V 
for equation (3.6). 
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Before we proceed to prove the existence of an absorbing set in D(A) for 
the modified equation (3.6), we state the uniform Gronwall’s lemma, whose 
proof can be found in [3, 121, as in the following: 
LEMMA 2 (The Uniform Gronwall Lemma). Let g, h, y he three 
positive locally integrable functions on (t*, + m ) such that y’ is locally 
integrable on (t, , + r;o), and which satisfy 
4 -+y+h for tat,, (3.14) 
5 
t+r 1+r *+r 
g(s) ds G aI, s h(s) ds Q a,, i y(s) ds<a,, Vt> t,, (3.15) I I , 
where r, a,, a2, a3 are positive constants. Then 
y(t)< :+a2 
( > 
exp a,, Vt>t,+r. 
Now we prove the existence of an absorbing set in D(A). The argument 
is formal and can be justified by Galerkin approximation. For simpicity we 
assume f E V. However, the estimate can also be achieved for f~ H from 
the analyticity of the solutions of (3.6) (see [l, 9, 111). We take scalar 
product of (3.6) with A*u in H and obtain an energy-type quation 
;$ lAu12 + v(& A2u) + (B(u), A2u) = (f, A*u). (3.17) 
Using the following identities (see [ 1 1 ] ), 
AB( u) = B( u, Au) - B( Au, u), Vu E D(A3’*), (3.18) 
(au, VI, v) = 0, vu, VE v, (3.19) 
we see that 
(B(u), A*u) = (AB(u), Au) 
= - (B(Au, u), Au). 
Since the second inequality in (2.13) 
l(Wu), A2u)l G C3 I4 Ilull lA3’2~I. 
By making use of (3.5) and (3.20), (3.17) yields 
(3.20) 
;f IAu12+ ~0, (A3’2u)2< IIf )I (A3’2u( + C, Ilull [Au1 IA3’2~I, 
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applying Young’s inequality, 
< vt?, IA3’*u)* + &y llfll*+g lbl12 L‘w2t 
hence 
f WA2 +)j- ll.rl12+$ II4* lAu12. 
I I 
(3.21) 
Assuming that ZQ, belongs to a bounded set B,(O, R) in I/ and that t k t,, t, 
as in (3.13). We apply the uniform Gronwall lemma (Lemma 2) to (3.21) 
with g, h, y, t, replaced by C: Ilull’/(v0r), IlfII*/(vf9,), IAul’, t,. Thanks to 
(3.13), we estimate the quantities a,, a2 in Lemma 2 by 
C:pyr 
a, =- 
vo, ' 
u2- llfll'r 
v8, . 
From (3.11) and (3.13) 
Thus a3 can be chosen as 
(3.22) 
(3.23) 
Therefore 
Vt>t, +r. (3.24) 
Hence, by (3.4) 
Vt>,t,+r. (3.25) 
Let us fix r > 0, say r = 1, and denote by fiz the right-hand side of (3.25). 
We then conclude that the ball B D(a,(O, p2) of D(A”) is an absorbing set in 
D(a) for the modified equation (3.6). Furthermore, for any bounded set 
B,,.I& R) in V, S(t) BDc&O, R) = B,,,-,(O, jT2) for t B t, = t, + 1. 
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Since the inclusion mapping from D(d) to V is compact, the operators 
S(t) are uniformly compact in I’. We conclude (see [ 121) that the modified 
equation (3.6) possesses a global attractor d that is compact, connected, 
and maximal in V. &’ attracts the bounded sets V and d is also maximal 
among the bounded sets in V which are both positively and negatively 
invariant. Similarly there exists an absorbing set in D(A”) for the 
Navier-Stokes equation (2.9). From the observation of the fact that j,, p2 
depend only on v, Q, and f, not on the choice of n and m, we make the 
following remark: 
Remark. There exist p,,, p,, p2 > 0, depending only on v, Q, and f such 
that B,(O, pO), B,(O, p,), B&O, p2) are the absorbing sets for both the 
Navier-Stokes equation (2.9) and the modified equation (3.6) in 
H, V, D(a), respectively. 
3.3. The Existence of an Inertial Manifold 
In this section we search for an inertial manifold for the modified 
Navier-Stokes equation (3.6) which we expect to be an approximate 
inertial manifold for the Navier-Stokes equation (2.9). 
From the remark in the previous section the ball B,,xJO, pJ in D(a) is 
an absorbing set for both the Navier-Stokes equation (2.9) and its 
modified equation. This allows us to avoid certain technical difficulties, for 
large value IA”ul, resulting from the nonlinear term B(U) by truncating B(u) 
and to consider instead the new equation, which is called prepared equa- 
tion, with the truncated nonlinear term that provides the same symptotic 
behavior near the global attractor. Let 0: R+ + [0, l] be a fixed C’ func- 
tion with Q(s)= 1 for O<s< 2, e(s)=0 for ~24, and l@(s)/ ~2 for s>O. 
We consider the prepared equation of (3.6) 
du 
(ic+vdu+F(u)=o, 
where F(U) = 0( lA”ul*/4p$(B(u) -f). The existence, uniqueness, and 
regularities of the solution for (3.26) together with the initial condition 
(3.7) are the same as for that of (3.6) and (3.7). We denote by S(t)u, the 
solution of (3.26) and (3.7). Clearly S(t) = s(t) in B,,,-,(O, pZ) for all t 3 0. 
As in [7] we define an inertial manifold &Z for the prepared equation 
(3.26) in H to be a subset of H satisfying the following properties: 
1. & is a finite-dimensional Lipschitz manifold; 
2. & is possitively invariant, i.e., S(t)A! c J! for all t 2 0; 
3. for all R > 0, S(t) u0 uniformly converges to M at an exponential 
rate for every u0 E B,(O, R). 
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Clearly the global attractor is contained in A!. We will apply the results in 
[S] to study the existence of an inertial manifold for the prepared equation 
(3.26). 
We denote by R(u) = B(u) - f, R( .) is a nonlinear differential map from 
D(A) to D(A1/2) and 
R’(u)u = B(u, u) + B(u, II), vu, u E D(A). (3.27) 
The following proposition gives two continuity properties of R’. 
PROPOSITION 3. 
IIR’(~)~ll 6 G IAul IA4 vu, u ED(A), 
(3.28) 
(3.29) 
where C; = (C, + C2),l,‘/2 and CL = (C, + CJ)A~“*. 
Prooj Using (2.11) and (2.12), we find that 
W(u)01 < I@u, ~11 + Mu, u)l 
6 c, ILlI 1’2 Ilull “2 Ilull 1/Z II424 1’2 + c, IUI 1’2 l‘4ul 1’2 Ilull 
<(C, + C,) %;1’2 (Au( (I#((. 
So (3.28) is obtained. 
To derive (3.29), we take any ~7 E V and write 
(A”*R’(u)u, FI”~w) = (AR’(u), w), 
from (3.27) 
= (‘w(u, 0) + B(u, u)), w), 
by bilinarity of B 
= (A(B(u + u) - B(o) - B(u)), w), 
using identity (3.18) and bilinearity of B 
= (B(u, Au), w)+ (B(u, Au), w)- (B(Au, u), w)- (B(AU, u), w). (3.30) 
From the identity 
Mu, u), w) = -(au, WI, u), vu, u, WE v, (3.31) 
410 WENHANCHEN 
(3.30) becomes 
(A1’2R’(u)u, A’12w) 
= - [(B(u, w), Au) + (B(ti, w), Au) + (B(Au, w), u) + (B(Au, w), u)]. 
(3.32) 
Apply (2.11), (2.12), (2.13); we have 
I(A”2R’(u)u, A’12wl) 
6 IB(u, w)l IAUI + Imv, w)l I4 + I(B(‘h w), u)l + l(B(Au, w), u)l 
Gc21ul’i2 IAu(1’2 llwll IAIl + c, IuI”2 lAul”2 llwll lAul 
+c, IAul llwll Iul”2 IAup2+Cj lAoI llwll IuI”* IAul”’ 
d2(c,+c,)I,“2 (Aul IAul IIWII. 
Thus 
llR’(u)ull <2(C, + C,) y2 lh 1.44. 
From (3.4) we easily see that (3.28) and (3.29) imply respectively 
IR’(u)ul 6 M, IAul IP2ul, vu, UED(A), (3.33) 
IA”“‘R’(U)Ul GM, ldul giul, vu, UED(A”), (3.34) 
where M, = C’, d,-3!2, A4, = C;tI:!*O; 2. 
We denote by P,,+,,, the orthogonal projection from H onto 
H n+m :=span{wl,..., w,+,,,} and by Q,+,=I-P,+,. We define &, to 
be the set of all functions @: P,,, D(A) + Q,,, D(A”) that satisfies 
We apply the results in [8] for the existence of an inertial manifold of 
the preparated equation (3.26) and summarize in the following. 
THEOREM 4. Let b = p2/4, 0 < I< l/32, and y > 1. We assume that 
Jz+fi>max{4K2(1+Z)/1, 3K,(l +y -‘+y), K,/b}, (3.35) 
where K, =eij2 llfll+8p~M,, K2=4p2M, +2K,p,‘, and K,=2p,M,. 
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Then there exists @c&r whose graph A! is an inertial manifold for the 
prepared equation (3.26). Namely, for any solution u(t) of (3.26) and (3.7), 
or (3.6) and (3.7) with (A”u,,j < p2, 
dist,(u(t), A) < K4 exp( -pt), (3.36) 
where K4=2(1 +yp’)1;“4 p, and~==~,+Zm-K3~~/:2m-K,Y-11Zfi~2m~~14~ 
2 ” + 2mP 
Let us denote by K the right-hand side of (3.35). The following theorem 
provides a condition on the choice of n and m, under which (3.35) holds. 
THEOREM 5. Let C,=(nLIL,/2)((K/2n)+ 11/LI)2. Ifn and m satisfy 
m3C,+J2C,o, (3.37) 
then the modified equation (3.6) and its prepared equation (3.26) have an 
inertial mantfold A%‘. 
Proof We write 
Kl+,, 
L,L2 I 
=z? n+2m, 
K’ = E=Ja2 1 
2 I I z. 
Under the above notations, (3.35) is equivalent to 
&:,+,,-fiaK’. (3.38) 
From (2.15) in Lemma 1, 
JLa&m-E and &<m+E. 
So (3.38) holds if 
By rationalizing (3.39), we obtain 
m2-2C,m+Ci-2(n+l)C,BO. 
(3.39) 
(3.40) 
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Easy to see that (3.40) holds when 
Therefore, Theorem 4 applies. 
In the numerical simulation of the inertial manifold, the size of the com- 
putations needed depends on the dimension of the manifold. In order for 
the dimension of A! to be as low as possible, in addition to the assumption 
m <n we choose m = - C-C,- d-i], the smallest integer m 
satisfying (3.37). Therefore in what follows we fix n and m such that 
ndm= -[-C,-JOC,]. (3.41) 
4. THE DISTANCE OF THE NAVIER-STOKES ORBITS TO A! 
Our aim is to use the inertial manifold JH of the modified equation 
obtained in the previous section to approximate the attractor for the 
Navier-Stokes equations. Because A attracts exponentially all the orbits of 
the modified equation, we need only to estimate the distance of each solu- 
tion u of the Navier-Stokes equation (2.9) to the solution v of the modified 
equation (3.6) with same initial value v(0) = u(0). Since both the orbit of 
the Navier-Stokes equation (2.9) and that of its modified equation (3.6) 
enter the absorbing set B&O, pZ) after finite time as shown in Section 3.2, 
we may assume u(0) and v(0) are in BDcAj(O, p2). 
We write w = u - v, then w satisfies 
dw 
dt+ vAw=v(A”- A)v-B(u, w)-B(w, v), 
By taking the scalar product of (4.1) with w in H and using identity (3.19), 
we obtain 
;F+v Ilwl~‘=v((i&A)v, w)-(B(w,v), w) 
= v((A” - A) Ap3’*Av, A”*w) - (B(w, v), w), 
from the second inequality of (2.12) 
<v II(A”-A)Am3’*/1 z(H) IAd llwll + C, Ilull Id llwll 
by Young’s inequality 
Q v IIu.11’+;+; lw12, (4.2) 
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d lwl’ 
---a lw12<E2, 
rir 
by Gronwall’s lemma 
(4.3) 
Equations (4.3) and (3.36) imply 
dist,(u(t), A?)~ <T (exp(crt) - 1) + 2K: exp( -2pf), Vt 2 0. (4.4) 
We denote the right-hand side of (4.4) by E(t). E(t) assumes its minimum 
at T= (l/(a + 2~)) ln(2,@/s2) and 
We write 6 = m and have from (4.4), 
dist,(lr( T), A) 6 6. (4.6) 
Now for any t 2 T, by replacing u(0) and u(O) by ~(t- T) and then 
repeating the above argument we obtain 
djst,(u(t), A) 6 6. (4.7) 
It is easy to see that 
/I(a-A)A-3’211,(,,=max 
{ 
~n+~~,~‘n,i.“+~3~““+m+1 
n n+m+1 I 
From Lemma I and (3.41), there exists K, (and the following 
Kj, j= 6, 7, 8) depending only on Sz, v, and f such that 
E< K,n-‘. 
Since 1,+,/2<pdI,+,, together with (4.8), we find that 
T<K,n-‘Inn 
and 
E(T)<K,n-2(n”“- l)+@ 
=O(nP31nn). 
(4.8) 
(4.9) 
(4.10) 
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Therefore 
6 6 K,n -y1rl n)’ 2. (4.11 ) 
We have proven the following 
THEOREM 6. After finite time T in the order of’ n ~- ’ In n each solution 
of the Nqvier-Stokes equations (2.9), (2.10) with IA”u,,j <p2 enters the 
6-neigborhood of the Lipschitz manifold JZ of dimenson  + m with 6 in the 
order of n ~ 3’2(1n )‘/*. 
5. APPROXIMATE INERTIAL MANIFOLD C 
The approximate inertial manifold JZ constructed in Section 3 is not 
practical for the sake of numerical computations. Following [8], we will 
apply the Euler-Galerkin method, which is very simple and easy for 
numerical computations, to construct an explicit approximate manifold Z 
with the same dimension as 4 and lying as close as JZ to the global 
attractor in H of the Navier-Stokes equation. 
In order to follow [S, Sects. 6 and 71 we need to verify the assumption 
(7.1) therein. We assume f ED(A) in this section. Using (3.18), (2.11), 
(2.12), we have 
IWu)l=IA(Wu)-f )I 
< IW& ~11 + Mu, Au)1 + IAf I 
dC, ~Iu(/“~ lAu[ IA3’2u1’/2+C2 )u/l’* IAu(“2 IA3’2u( + lAf/ 
d C; IAul lA3’%I + IAfl, 
where C; is as in Proposition 3. As a result, 
(AF(u)l d4c;p, IA3’*uI + IAf I. 
Thus, by (3.4) 
lA”F(u)l GM, IPUI + M,, (5.1) 
where M2 = 4C; p2 8, tI - ‘I2 and M, = e2 I Af I. 
Let d be a fixed positive integer which will be given later. Let K2 and I 
be as in Theorem 4. We set 
A 
z=(21,+2,-2K,(1+I)~~‘:Zm)-‘ln nfy+d+l (5.2) 
“1 
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and in addition to (3.41), we assume 
We consider the Galerkin approximation to (3.26) 
(5.3) 
(5.4) 
where F,,+,,,+Ju) := P n + m + dF( u). For any given initial value u. E H, + m + d 
the ordinary differential system (5.4) possesses a unique solution 
s n+m+d(t)~o for all PER. Furthermore, IA”S,+,+d(t)uol <pz for all t&O 
whenever [Au,1 9 p2. 
From [S, Theorems 6.1 and 6.3, Corollary 6.11 there exists a function Y, 
in 
F b,l,n+m+d= {tiE%,,/:Hn+rn+ Qn+mffn+m+d 
= span(w “+m+ 1, ...) wn+,+d >> 
such that graph(‘Y,)=S,,+,+,(r) H,,, and 
] -l/2 
‘n+m+d+l’ (5.5) 
Consequently, for any u. E B Dca,(O, p2), when t > 7’( = O(n-’ In n) 
dist,(S(t) uo, Y,) < K,K3j2(ln n)“‘, (5.6) 
where Kg (and Kj, j> 10 in the sequel) depends only on L& v, f, and 
M,(j=O, 1, 2, 3). 
Therefore we may replace A by s,+,+,(r) H,,, as an approximate 
inertial manifold for the Navier-Stokes equations. This enables us to 
approximate A by approximating the solution of (5.4) with the initial 
condition 
~O)=PEH,+,. 
Equations (5.4), (5.7) are equivalent to (5.8), (5.9), 
(5.7) 
do 
;i;+Alo+F,+,,+d(e~‘Ap+O)=O in Hn+m+d, (5.8) 
o(0) = 0, (5.9) 
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since u(t) = e--“‘p + w(t) is a solution of (5.4) and (5.7) if and only if o>(t) 
is a solution of (5.8) and (5.9). 
We approximate o(t) and u(t) by w(t) and u(t), respectively, applying 
the one-step Euler’s implicit scheme which is called the Euler-Galerkin 
scheme, 
W(t)+tA”w(t)+fF,+,~+~(U)=O, inK,pn,d, (5.10) 
u(t) = eC”p + w(t). (5.11) 
We write 
ET= {Wwl+m+d: u(z)=e-‘AP+W(t;p)forsomepEH,+,), (5.12) 
where w( .; p) is the solution of (5.10), (5.11). 
Following the discussion as in [S], we know that there exists a map 
~r~Hn+m+Qn+mHn+,+, 
such that 
graph x, = 2,) (5.13) 
l&r(P!) - Xr(P2))l G K* J IA”(P, - P2)L VP,, PZEH,+,> (5.14) 
m*(P) - ‘y,(P))1 6 fbL+m~3’2, QP~ ffn+w (5.15) 
The manifold x.,(p) is given by the implicit relation, 
L(P)= -~(l +~A”P,+,+d)-‘Qn+,F,+,+d(p+~r). (5.16) 
We set 
X(P)= -2(l+zA”P,+,+d)-‘Qn+mF,+~+d(~) 
n + m + d 
= -e(jApl*/4p;)z 1 C1 + txj)-l(B(P, PI, wj) wjl C5.17) 
j=n+m+ 1 
where xj=An+2m for n+m+l<j<n+h and x,=lI for 
n + 2m + 1 d j< n + m + d; then from [8, Theorem 7.41, 
sup 
K, K: 
L&*(P)- X(P))l Q, 5. (5.18) 
Combining (5.2), (5.6), (5.15), and (5.18) we have, for any USE B,,n,(O, pz) 
the solution of (2.9), (2.10), ,S(t)u, satisfies 
dist,(S(t) uO, graph(X)) < K,,n-3’2[ln(n + m + cI)]~'~. (5.19) 
APPROXIMATE INERTIAL MANIFOLDS 417 
It is easy to check that for all p E H, + m 
(WP, Ph Wn+m+j)=O, 
if j satisfies 
J~>qxz?. (5.20) 
That is, the nonlinear term does not produce any A,+, + j mode for j 
satisfying the condition (5.20). On the other hand, the nonlinear term does 
produce 1, + m + j modes from H, + m for some j’s not satisfying (5.20). 
Therefore, hoping to capture this feature of the nonlinear term, we 
choose d to be the smallest integer j satisfying (5.20). Even though such 
choice of d does not improve the rate of the closeness of graph(X) to the 
attractor, we believe it is a better choice in practice. 
Using (2.15) we can easily find that (5.20) holds if 
j~3(n+m+1)+6JnL1L,(n+m+1) L +-4nL,L, 
/I/ 9 
Thus we obtain the following estimate of the upper bound of d: 
d63(n+m+1)+6,/rcL,L2(n+m+1) _f_ +%-CL L IL1 4 1 2 i;i2. (5.21) 
We sum up this section in the following. 
THEOREM 7. Suppose n and m satisfy (3.41) and (5.3), and d is the 
largest integer satisfying (5.21). Let C denote the graph of x defined by 
(5.17). Then the solution S( t)u, of the Navier-Stokes equation (2.9) with 
u0 E BDc2)(0, p2) satisfies 
dist,(S(t) uO, C) d K,2n-3’2(ln n)3’2 
when t > T (=O(n-’ Inn)). 
Since we are only interested in the case IA”ul dp2, 6( IApl*/4p:) can be 
taken equal to one in (5.17), and 
n+m+d 
X(P)= - 1 ~(1 +zxj)V’(B(Pv P),Wj)Wj, vp’~Hn+m, 
j=n+m+l 
which is a quadratic form from H,, + m to Q, + m H, + m + d. 
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